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HEKOTOPbIE HAMPABJIEHUS1 PASBUTUA MATEMATUYECKUX TEOPUM

COBPEMEHHOW MEXAHUKM

Pazeumue kaaccuueckux u gpopmuposanue Ho8bIX pazdenos MexaHuKu mpeoyem mMooupuUKayuy u cosepuieH-
CMB0BAHUS MAMeMamu4ecKkux mooeneil u Memodos peulenus ModeavHslx 3ada4. B pabome paccmompeHul He-
Komopble HanpasAeHus pa3eumus MexanuKo-mamemamuiecKux mooeneil 04s ONUCAHUs MEXAHUeCK020 CO-
CMOSHUSL U NOBEOCHUS PAZAUMHBIX KAACCO8 CPed, NepCNeKMUBbl UCNOAb308AHUSL MAMEMAMUYECK020 Annapama
unmeepo-ouggepenyuposanus OpodbHo20 NOPa0Ka 8 MexaHuke, npedcmasaeHbl COnpsaNceHHble 3a0ayu buome-
Xanuku u ouoguzuku, mamemamuueckKue Mooeiu 0eopmMupo8anus Mamepualos ¢ Y4emom CAONCHOU 6HYM -

PEeHHell cmpyKmypbl.

Karouesvte caosa: mexanuxo-mamemamuueckue mooeau 0pobHoeo nopsioka, obobuennas modeav Makceenna,
Keavsuna-Doiiema, 3enepa, modeau 633K0ynpy2ocmu, He0OHOPOOHbLe CPedbl

Beenenne. B HacTostiiee BpeMst akTUBHO pa3BUBa-
I0TCSI HOBBIE HAIIPABJIEHUSI COBPEMEHHOU MEXaHUKU U
MOIU(DUIIUPYIOTCS «ITPUBBIYHBIE» KJIACCUUECKUE Pa3-
nenbl. BenencTeue 3Toro TpedyeTcs: pa3BUTHE M TTOCT-
pOeHMEe HOBBIX MATEMATUUECKUX MOJIEJIEH, UCTIONb3Ye-
MBIX JUJISI OTTMCAHUS MEXaHWUYECKOTO COCTOSIHUS U
TOBEJICHUST UCCTIeyeMbIX OOBEKTOB, C 1IeJIbl0 OoJiee
aJIEKBATHOTO OTPAKEHMsT OCOOEHHOCTE UX TTOBEICHUS,
yueTa OOJIbIIIEro KOJIMYECTBA OTNpeAessiomux (hakTo-
POB, M3YyUEHUsI CJIIOXKHBIX KOMIUIEKCHBIX («COTIPSIKEH -
HBIX») B3aUMOBJIUSIIONINX TTPOLIECCOB, TTPOUCXOISIIINX
B cpeie. CeromHsi py MOCTPOEHUN MEXaHUKO-MaTeMa-
TUYECKMX MOJIeJIeli BO MHOTHX CITy4asiX TpeOyeTcst 00si-
3aTeNIbHBIN YUeT BHYTPEHHEW CTPYKTYPHI Cpe/ibl/MaTe-
puasioB. B taHHOM KOHTEKCTE CJIeyeT BbIACTUTh TAKUE
HarpaBJIeHMsI, KaK CO3/IlaHe HOBBIX MAaTepUAJIOB C 3a-
JAHHBIMU CBOMCTBaMMU, MPUYEM KaK Ha MaKpo-, TaK 1
MUKPO- U HAHOYPOBHE, UCC/IEI0BAHUE CBOICTB U MO-
BeIeHUsI OMOMATepUaIOB U HAHOCTPYKTYP. AKTyasTh-
HBIM SIBJISIETCSI TIOCTPOEHUE MOJIENEi, OTIMCHIBAIOIINX
HarpsKeHHO-1e(pOPMUPOBAHHOE COCTOSTHUE B CpeNiax,
KOTOPBIE «HE YKJIAIBIBAIOTCS B PAMKIW» XOPOIIIO U3BEC-
THBIX U Pa3BUTHIX «CTAHAAPTHBIX» MOJIEJIEH Pa3TMIHBIX
pa3iesioB MEXaHWKU CIIONIHBIX U IUCKPETHBIX CPe/l.
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J1 NOCTpOeHUSI MaTeMaTUYeCKUX MOJENEN ae-
(opMUpoBaHUST MATEPUATIOB C YUETOM (MUKPO)CTPYK-
TYpPbI U HOBBIX MATEPUAJIOB UMEIOTCS Pa3IUYHbIE MO/~
xoabl. Tak, OMWH U3 BO3MOXHBIX ITOAXOIOB COCTOUT B
NpeacTaBIeHUN (PU3NYECKUX 3aKOHOB B JUCKPETHOM
BUJIE, UX PA3JIOKEHUU B psabl Teisiopa ¢ yueToMm Be-
JIMYUH 10 HEKOTOPOTO MOPSAKA MO XapaKTEPHOMY pa3-
Mepy (MUKPO)CTPYKTYPHI.

B Hacrosiiee BpeMs B O0JBIIMHCTBE C1y4aeB Mpu
pelleHUY 3a1a4 U3 Pa3IMYHbIX Pa3/IesIoB U o0IacTei
MEXaHUKU UCTIOJB3YIOTCS MOJEIU, B KOTOPBIX OOBEKT
paccMaTpuBaeTcsl B MPUOJVXEHUU (KBa3|)CILIOINI-
HOUW HETIPEPBIBHOW CPEAOA, UYTO MOAPA3ZYMEBAET BbI-
MOJIHEHUE OMpPEAEIEHHBIM 00pa30M YCPEIHEHUS IO
MPOCTPAHCTBY CBOMCTB CPeAbl U TapamMeTpoB nedop-
MUPOBaHUS. B Takux Monensx yyeT HaIu4us CTpyK-
TYPHBIX HEOOHOPOAHOCTEN U 0COOEHHOCTE ! MoBeae-
HUSI Pa3HOTO MACIITAOHOTO YPOBHS BBIITOJHSETCS
creluaJibHbIMU METONAMU U MOAXOIAMU, HAITPUMED
BBEJECHUEM CITELUAIbHBIX HEMPEPIBHBIX (DYHKIIUA.
EctecTBeHHO, UTO BBEACHUE TaKUX (DYHKLIUI SIBIS-
€TCsl TOCTAaTOYHO YCJIOBHBIM, TaK KaK MPUBEIECHHbBIE
(a(pdbexTrBHBIE, MHTETPATIbHBIC U T. T1.) XapaKTepuc-
TUKU B CJIy4ae 3HAYUTEIbHBIX «PE3KUX» U3MEHEHUN
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CBOWCTB CpeJibl WJIM XapaKTepa ee MOBeAeHUST MOTYT
CYILIECTBEHHO OTJIMYAThCS OT COOTBETCTBYIOIIUX pe-
aJIbHBIX 3HAYEHUA.

B 10 e Bpemst 0ueBUIHO, UTO MpU aedopMupoBa-
HMU 00BEKTOB CJIOXKHOTO BHYTPEHHETO CTPOeHMsI / 3a-
KOHA MOBEIEHUS CYILIECTBEHHYIO POJIb UTPAIOT JIOKAJb-
Hble AedopMaliuu, 00yCIOBIEHHbBIE OTHOCUTEIbHBIMU
nepeMelleHUsIMU U iehopMalusIMU €ro CTPYKTYPHbBIX
COCTaBJISIOLIMX.

Tak, HanpuMep, UCMOJIb30BAHUE KJIACCUUYECKUX
Mojenei aepopMUupoBaHuUs YIIPyrux Tea B buoMmexa-
HUKe 0e3 yueTa BHYTPeHHE CTPYKTYpbl MaTepUAIOB
HE TMO3BOJISIET B MPUHILIMIIE MOIYYaTh JOCTOBEPHBIX
pe3yJbTaTOB U PE3KO0 CyXaeT 00J1acTh pelliaeMbIX 3a-
nad. [Tpy 9TOM JOCTUUYb MOBBILIEHUST «TOYHOCTU pe-
3yJIbTaTOB» MYTEM «yTOUYHEHUSI YUCIEHHBIX aJITOPUT-
MOB pellIcHUS 3aJad» MpaKTUIEeCKH He ymaeTcs. B
9TOM cJiy4yae IJisd MOJydeHUs! pe3yJIbTaTOB, COOTBET-
CTBYIOLLIMX ITOBEIEHUIO PEabHbIX OOBEKTOB, HEO0XO0-
JUMO U3MEHUTh COOCTBEHHO MAaTEeMaTUYECKYyl MO-
JeJb, UCTIOJb3YyeMYIO [UUISI OTTMCAHUS MOBEIACHUS
U3y4yaeMOro o0beKTa.

B paboTe paccMOTpeHbl HEKOTOPbI€ BO3MOXKHbBIE
MyTU Pa3BUTUSI MEXAaHUKO-MaTEMaTUUYECKUX MOJIEIEN
JUUIS. aleKBATHOTO U JOCTOBEPHOIO OMUCAHUST MeXa-
HUYECKOTO COCTOSIHUS W MOBEAEHUS Pa3IUUYHBIX
KJ1aCCOB Cpel.

O nepcneKTHBAX UCNOJIb30BaHUS UHTErpo-aude-
PEHIUATBHOTO MCYMCJIEHHS IPOOHOr0 MOPSIIKA B MeXa-
HHUKe. B HacTosIIee BpeMsT Ipy M3yUYeHUHU ITUPOKOTO
Kpyra sIBJIeHUI 1 MPOLIECCOB U3 Pa3IMUHbIX 00J1acTeit
1 pa3nesioB HAyKM M TeXHUKU Bce 0oJiee aKTUBHO HC-
TTOJIb3YIOTCSI MOZIEIIH, BKJTIOUAOIIIME B KA4eCTBE OIpe-
JEJISTIOIINX YpaBHEHMSI, 0a3UpyoIIrecs Ha IPOOHBIX
COOTHOIIECHUSIX MEXIY OCHOBHBIMHU MacCIITaOHBIMU
rapamMeTpaMu MCCIIeAyeMbIX 00BbeKTOB [1, 2].

Tak, HanprMep, HAIMYKE B OIPEIEIISTIONINX COOT-
HOILIEHUSIX TTPOU3BOIHOM APOOHOIO MOPsAKA MO KOOpP-
JITHATE TTO3BOJISIET YIECTh (PpaKTaTbHOCTh HEOTHOPOI-
HOM cpeapl, 4TO MPEeACTaBISIEeTCS CYIIeCTBEHHBIM
MOMEHTOM TIPH PACCMOTPEHUHN (PM3UUCCKIX ITPOLIECCOB
B TaKoii cpeze (cM., Hanpumep, [3—6]). duddepeHin-
aJTbHBIC YPaBHEHUSI C TIPOU3BOTHBIMU IPOOHOTO TTOPSIII-
Ka 110 BpeMEHH aKTUBHO HMCITOJIb3YIOTCS IIPH TTOCTPOE-
HUM MaTeMaTUIeCKNX MOIEJICH ST MHTePIIPEeTallun
CTOXaCTHUYECKMX TIPOIIECCOB HEMApKOBCKOTO THIIA VUTI
MPOLIECCOB C MaMSIThIO (CBOMCTBO 3peaAUTAPHOCTH) [7].

B cooTBeTCTBUM ¢ OCHOBHBIMM XapaKTECPHBIMHU
CBOICTBaMM alliapaTa HHTeTpo-IuhGepeHINPOBAHMS
JIPOOHOTO TTOPSIIKA BeCbMa ITePCITeKTUBHBIM ITPEICTAB-
JIIeTCSI MCTTOTh30BAHMS TECOPUH IPOOHOTO UCUMCIICHUS
TIPY UCCICIOBAaHNN MEXaHMICCKUX TIPOIIECCOB M SIB-
JICHUI B TIPUPOIHBIX M MCKYCCTBEHHBIX HEOTHOPOI-
HBIX CTPYKTYpax (CIUIaBBI, ITOJTUMEPHI, TOJIOTMUECKIE
cjon), boMarepraiax 1 HaHoMaTepHaax.

Hanee IpuBeIeHBI TPUMEPHI, IEMOHCTPHUPYIOIINE
TMOTEHIINABHBIC BOSMOKHOCTU 1 3(D(EKTUBHOCTD MC-
ToJb30BaHUs UGG epeHIINPOBAHNS APOOHOTO TTOPSIII-
Ka B MEXaHUKE.

HccnenoBanue npoueccos moj3y4ecTH M pesiak-
CAlMU B HEOJHOPOIHBIX CTPYKTypax. Kaxk n3BecTHoO,
B 00LIEM ciydyae MpOLIECChl MOJA3Yy4eCTU U pellak-
caluy AJisl peaIbHbIX HEOJHOPOAHBIX CPEL SIBJISIOT-
csl HEJIMHEWHBIMU KaK B MPOCTPAHCTBE, TaK U BO
BpeMmeHu. [ToaTomy, KCTOIBb30BaHKE TPOU3BOTHBIX
JpOOHOTO MOpsKa B YDABHEHUSX COCTOSIHUS BSI3-
KOYIPYTUX CPeNl MO3BOJISIET OTOOPA3UTh U YYECTh
KaK HEOJTHOPOJHYIO CTPYKTYPY BSI3KOTO U YIIPYTO-
r0 3J1€MEHTOB, TAK U HEOJTHOPOIHOCTh MEXaHUYEC-
KWX MPOIECCOB MO BpeMEHU.

O4eBUIHO, YTO OCOOBII MHTEPEC MPENCTaABISIOT
MOJIEJIU € siipaMu ApoOHOro rnopsiaka auddepeHm-
pOoBaHUs, SIBJISIIOIITMECST 0000IIEHNEM «KJTACCUUECKUX»
BSI3KOYITPYTUX MOJIEJIEHA.

Tak, dpobnas modeav Keaveéuna, TTOCTpOCHHAS
KaK pa3BUTHE KJIACCUUYECKOU MOMIEIU BI3KOYPYro-
ctu KenbBuna-®@oiirra [§] mpu ncnoab3oBaHUU
MPOU3BOAHON IpOOHOTO MopsiaKa, uMeet Bu [9]:

o (t)=m,D’e(t)+ Eg£(r). (1)

IMoxa3zarenp B B (1) ynoBIeTBOPSIET YCIOBUSIM
0< B <1. B aToM ciyuae dyHKIMM penakcamuu G(7)
HEJIMHEIHO 3aBUCUT OT BpeMeHH £ (Tuma 7).

B npo6Hoit Mogenu KenbsBuHa-®Poiirra, B crydae
M3BECTHBIX KOG (PUITMEHTE BI3KOCTU T ¥ MOJIYJIE YTI-
pyroctu E , byHkumu nonsydectu J(f) u peaakcauun
G(?) oTipeneIsTIOTCS CACAYIOIMNM obpa3om [9]:

B
J(r)=i+E(i) Gy=E,+ 0 =P
E, n t T2-B)
rae E = Eg Ef 1 a EB — (dynkuus Mutrar-Jledde-
pall, 2].

Kaxk n3BecTHO, moMuMo Mozeneil Tua Keabpu-
Ha, K HanboJIee «IMOMyIIpHBIM» KJIaCCUIECKUM Peo-
JIOTUIECKUM MOIEJISIM OTHOCSITCSI M MoAeIn Makc-
Besuta. Jlpobuas modens sa3xoynpyeocmu Makceenna,
TIOCTPOCHMS C UCITOJIb30BaHUEM IPOOHOTO OTIepaTo-
pa Pumana-JInyBuis nopsiaka o U 6asupyloiascs
Ha KJIaCCMYECKOU Momenn MakcBeia, MOXET OBITh
3amnucana B TakoM Buje [10]:

o(t)=EtlDPe(r), (2)

rIe MOAYJb YOpyrocT E M mapaMeTp BSI3KOCTU T
CBsI3aHBl PYHKIOMEH pelakKcalliyd HaIPSKCHUN

t
dopmansHOE 00001IeHIE YpaBHEHNST MaKcBea,
OTPENEISIIONIETO COCTOSTHIE BSI3KOYITPYTOi CPelbl, Ha
IpoOHO-AuddepeHIaANbHBIA BUA OCYIIECTBISIETCS
MyTeM HCTIOJIb30BaHUS IPOOHBIX OIIEPaTOPOB TTOPSII-
KoB o, B [10]:

c()+1PDPo(t)= Ex; D e(r), O<a,B <1. (3)

E (tY
Git)y=———|—| G(¢ =
() I“(l—oc)( ) (?), 3mech BA3KOCTL M = ET.

Jlpobnblit ananoe cmandapmuoill AUHelHol modeau
meepdoeo meaa IMEET cIiemytolee ImpeacTapaeHue [11]:
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G (1+15, D" )e(t)=1+1,D" o (1),

_ 60 .__M  ._MG 4)
1 >l > v2 ’
G, +G, G, +G, G,

rne G(f) — dynkuus penakcauu u 0< o <1.

Tpexnapamempuueckas modenv 3enepa (Zener) siB-
JiIeTcs OObeIMHEHUEM ABYX KJIACCUUECKUX MOJIETIeH:
Maxkcpeina u Keapsuaa-®oiirra [ 12]. Mogudummpo-
BaHHasl C TIOMOIIBIO MIPOU3BOIHBIX APOOHOTO TIOPSII-
Ka Pumana-JInyBWLIA «11eI0YUCIEHHAs)» MOJIeb 3e-
Hepa 3anucbiBaeTcs Tax [3]:

o (t)+a,D’c (t)= Ec(t)+ E,, D (t),
O<a,B <1, E>O0.

(&)

Peonoeuueckasn modenv a1 pewenus ounamuueckux
3a0au es3K0ynpyeocmu, TOCTPOCHHAsI Ha OCHOBE Ip00-
HbeIx Mozeneit KenpBrHa-®oiirra 1 MakcBeuia, nMe-
eT caeayrouumii Bun [13]:

Ny N,
o+ u, D e =e(r)+y n,DM e, (6)
k=1 k=1
e o, =]2v—kr1p1/11¢:1,j\/G ng, :]2V_k npu k=1,N..

C UHTEpeCHBIMU MPUMEPAMU MCITOJIb30BaAHUS
IpooHBIX Moneleit KenpBrHa-®oiirra m Makcselia
MpU NOCTPOSHUU CUCTEM pa3pellialolinX ypaBHEHU
JUTST OTIMCAHMS CJIOXKHBIX MPUKIAAHBIX TTPOLIECCOB U
SIBJICHUI MOXKHO IMMO3HAKOMUTBLCS B padoTax [14—17].

WmeeTcs psin paboT, B KOTOPBIX U3JIOXKEHBI PE3YJIb-
TaThl BHIMOJIHEHUS MPUKIAAHBIX UCCAEA0BAHUI C C-
TOJIb30BAaHMEM B MOJEIISIX TIOBEACHUS CPEIbl TIPOM3-
BOIHBIX IPOOHOTO TTOPSIAKA, TI0 U3YICHHIO ITOBEICHUS
TaKMX TeTEPOTEHHBIX CPel, KaK MOPOIHbIE FE0JIOrMIec-
Kue ciou [4], MeTa/ulbl U cTeKia [ 5], monumepsl [6].

Tak, Hammpumep, B [S] MOKa3aHO, YTO 3aKOH, yCTa-
HaBJIUBAIOIINI B3aMMOCBSI3b MEXKIYy KOMITOHCHTAMH
HAIPSLKEHHOTO 1 1e(hOPMUPOBAHHOTO COCTOSTHUI TSI
HEKOTOPHIX BUIOB CIUIABOB METAJUIOB, MOXET OBITh
TIPUHST B TAKOM BHIIC:

oL oL
dtff = boe(t)+b1‘27§, O<a<l. (7)
31ech mapamMeTphl a, by, b, 3aBUCAT OT CBOWCTB MC-
caenyeMbix MatepuanoB. Monenb Kamyro-Maiinapau
(Caputo-Mainardi) (7) cBoamMTCS K KJTaCCMUECKOMY 3a-
KOHY BsA3Koynpyroctu npu a =0, by =W, b, = E, o= 1.
B pa6ore [6] rmokazaHo, 4TO 3aKOH, ONTMCHIBAIOIINI
CBSI3b HAMPSIKEHHOTO 1 1e(hOPMUPOBAHHOTO COCTOSI -
HU 17151 OOJIBIIIOTO KJlacca MOJIMMEPOB, YIOOHO HC-
TI0JIB30BaTh B TAKOM TIPEICTABICHUMN:

de (3 —
T(t)= HsE"‘(E(”a —us)nkT) De(r), o =0,5.

3aech k — mocrogHHas bombiimana, T'— abcomoTHaAd
TeMIepaTypa.

CremyeT OTMETHUTB, UTO HapsIIy C IIEPBBIMU UCCIIC-
JMOBaHUSIMH 3alTaTHBIX YICHBIX B HAIIPABJICHUN 3yUe-
HUSI BO3MOXKHOCTEM MCIIOJIb30BaHUSI TEOPUU IPOOHO-
TO MHTEerpo-guddepeHInpoBaHUI K NpodieMaM
MEXaHUKU CIUIOIIHBIX CPEll, B TOXKE BpeMsl ObLIN OIy0-
JINKOBAHBI U DyHAAMEHTaIbHbIE PE3YJIbTaThl 10 JAHHOK

c(t)+a
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TeMaTUKe U TMPeICcCTaBUTENSIMU COBETCKUX HayYHBIX
wkoj: FO.H. PaborHoseiM, T.JI. lllepmepropowm,
C.1. MewkoBbiM, FO.A. PoccuxunbimM, B.M. 3enene-
BbiM, B.JI. ToHCcoBckuM u ap. [18—20].

Tak, KO.H. PaboTHOB mocTpous Kjaacc ApoOHO-
9KCMOTEHLMATbHBIX (PYHKIIMHA ¢ MHTETpaibHON 0CO-
OEHHOCTbBIO B HauaJIbHbIi MOMEHT BpeMeHU (ci1abo-
CUHTYJsIpHbIe GYHKUMHU) U TToKazad 3(PPeKTUBHOCTD
KUCIO0JIb30BaHUS (DYHKIIMU TaKOro BUAA B KaU4eCTBE
siIep UHTErpajibHbIX OMEPaTOPOB B HACJIEICTBEHHOM
Teopuu yrpyroctu [18]. Takoe HanpaBieHUE B TTOCT-
pOEHUU Moneseil MoBeIeHUsI BA3KOYIPYIUX Cpef
MpPencTaBasIeTCs JOCTaTOYHO (D (HEKTUBHBIM.

B pab6ote [21] onyOGiMKOBaHbI pe3yJabTaThl CPaB-
HEHUS 3KCIIEPUMEHTAIbHBIX JaHHBIX, TTOJIYYeHHBIX
MpU TECTUPOBAHUU MOBEAEHUS 00Pa3l0B, U3TOTOB-
JICHHBIX U3 OyTaaueH-cTuposbHoro kayuyka (I) u
noaunponuieHoBoro miactuka (II), ¢ yucieHHbI-
MU pe3yJbTaTaMU, MOJYyYEHHbIMU MPU UCTIOJIb30Ba-
Huu apooHoit Mmoaenu 3eHepa (FDM) (5), BocbMu-
9JIEeMEHTHOU 00001IeHHON Moaenaun Makcpenna
(GM) (3) n 060061meHHO Monmenn KenbBuHa-Doii-
rra (GV) (1), Ha ocHOBe APOOHBIX MPOU3BOJIHBIX
Pumana-JInyBuians. AneKBaTHOCTb UCITOJIb30BaHUS
MoJieJiell, TOCTPOEHHBIX HA OCHOBE MaTeMaTUYeCKO-
ro arnmnapara IpoOHOro uHTerpo-auddepeHuMpoBa-
HUS IPU UCCIAETOBAHUMN OCHOBHBIX XapaKTEePUCTUK
paccMaTprBaeMOTro MaTepuajia oka3aHa Ha PUCYH-
ke 1 (amantupoBaH u3 [21]), rae KpuBble yIpyroro
TUCTepe3uca, IToJydeHHbIe 9KCIICPUMEHTAIbHO 1 Ha
OCHOBE YMCJICHHOTO MOJCIMPOBAHUS OUEHb XOPO-
110 KOPPEITUPYIOT.

Onpenenenne (PU3MKO-MeXaHMYECKNX XAPAKTEPUC-
THK reTepOreHHBIX MaTepuayioB. [eTeporeHHbIC CTPYK-
TYpHI B 00IIIEM ClTydae 00J1a1at0T CBOMCTBAMMU SIPKO BbI-
paxkeHHOI HEOTHOPOTHOCTH Y MU3MEHUMBOCTH KaK 110
KOOpIWHATaM, TaK ¥ BO BpEMEHU, IIO3TOMY UX (pu3u-
KO-MEXaHMYECKIE CBOMCTBA B OOIIEM CIIydae JTOCTa-
TOYHO CJIOKHO OMHcaTh (PopMyIaMM KJIaCCHIECKOM
MexaHnKu. OTcIona IpeICTaBIIsIeTCS BeChMa ITepCIIeK-
TUBHBIM, 0OCOOCHHO /IS MATEPUAJIOB M CTPYKTYP C Pe3-
KO M3MCHSIIOIINMUCS CBOINCTBAMU B IIPOCTPAHCTBE U
CO BpeMeHeM, TIpY IMOCTPOSHUN MaTeMaTUICCKUX 3a-
BUCHMOCTEI, OITMCHIBAIOIINX MX COCTOSTHHE, MCITOJTb-
30BaTh amnmapar ApoOHOTO nuddepeHINPOBAHNS.
JaHHOEe HaIlpaBJIEHNWE UCCIEN0BAHUI Pa3BUBAECTCS 10-
CTaTOYHO aKTUBHO [21].

Hampumep, mis MarepuaioB, ITOBeIeHUE KOTO-
PBIX MOXKHO OIMCATh BI3KOYIPYTroit Momepio Moiir-
Ta, KoabduuneHTs Jlame A, [ ABISIOTCS GYHKITUSI-
MM BPEMEHHU M MOTYT OBITH ITPEACTAaBICHBI KakK
M) =Ry + 20/t H(r) = Wy + 9/ 9t T Ay A g, [y —
COOTBETCTBEHHO KO3(P@PUILIMEHTHl 00bEMHOTO CXa-
TUSI, 00BEMHON MOJA3YYECTU, YIIPYTUA MOIYJIb CIBU-
ra ¥ MOJyJb CABUTIA MOJI3yYECTH.

OueBUIHO, YTO JJISI MHOTMX MaTepUaIOB UCMOJIb-
30BaHMe YIOMSHYTOM Mapbl MOTYJIEH CaBUTa (L, W, ) IUTS
OIKCaHNs HAOII01aeMOr0 B ICUCTBUTEIBHOCTU UX MO-
BEICHUS SIBJISETCS HeIOCTaTOUHbIM. OCOOEHHO 3TO
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PucyHok 1 — AneKBaTHOCTD HCIIOJIb30BAHUS MOJIEJIei, TOCTPOEHHBIX HA OCHOBE MATEMATHYECKOrO annapara JpooHOro
uHTerpo-auddepeHumMpoBanus: @ — kpusas ructepesuca oopasuos I suna npu 0,01 Tix, 1,00 Iix, 20,00 Iix; 6 — KpuBas rucrepesuca
o6pastos 11 Buna npu 0,01 Tix, 1,00 Tix, 20,00 Tix

MPOSIBIIIETCS, HAIPUMeEp, TIPU U3YYeHUU TUHAMUYEC-
KHX MPOLIECCOB B MaTeprasiax Ipyu BO3AEHCTBUM HATpy3-
KM JTUCKPETHOTO, UMITYJIbCHOTO WJIM TIEPUOINUYECKOTO
Buza [22]. st 6oree aneKBaTHOTO OITMCAHUS PEaTbHOTO
MOBeJeHUS MaTepuaga HeoOXOIMMO BBOJAUTHL 0oJjiee
CJIOKHBIE, 9YeM TIpocTeiimas Mmonenb Moiirra, Moaem.
AJBTepHATUBOM BBEIECHUS TOMOTHUTEIbHBIX XapaKTe-
PUCTUK U YCIIOKHEHUST MOJIEIIH [IJ1s1 ONTMCAHUS TOBEIE-
HUS MaTepUaJIOB SIBJISIETCSl BBEICHUE XapaKTePUCTUKI
W, ¥ KOHCTAHTBI 0L TAKKX, YTO KOI(DHHIIMEHT |1 MOXKET
OBITh MPEICTaBJIEH CJIEAYIOIIUM 00pa3oM:

00

M(t)=u0+uuaa7,0<ocsl. (8)

YpaBHeHUE (8) MOXKXHO paccMaTpUBaTh KaK MOZIEITb
Doiirra mpobHOTO TTOpsIAKa 11t o, < 1.

B pabote [23] mpemtoskeHbI MAaTeMaTHIECKIE BBI-
PaxkKeHMS IS OTIPEICICHNUS PEOIOTMIECKIX CBOMCTB
HAaHOCTPYKTYPUPOBAHHBIX cucTeM. DOpMyIbl I
(byHKIIMM peiakcalluy HANPSDKEHWN TIPeICTaBIIsSTIOT-
sl CIIEAYIOIINM 00pa3oM:

G(p,i)=R(p,))+G (p.i), (€)

-k f .-
G(p,t)= fTCXP(—t—]‘l'G (p,1).

R

(10

31ech OTKIIMK { BSI3KOYIIPYTOil CUCTEMBI 3aBUCHUT OT
CTEIEeHU OaBJICHUS p(O <p< 1)1/1, CJIE0BATEIbHO, MOLYJIb
penakcauy HaIrpsKEHWIA TTpy caBUre G(p,f) 3aBUCUT
OT 3HAUYEHUIA f W p U PaBeH CyMMe siipa peslakcaliu

R(p,7) v paBHOBecHOTO MoyJIs1 cisura G (p,7). XKect-
KOCTb TeJIA k, BDEMSI PENIAKCALIMU 7, CTETIEHb PENIaKca-

UMK A, M PaBHOBECHbIN MOZYJIb CAIBUTa G (p,f) 3aBu-
CAT OT CTETICHU PeaKIIvu p.

B kauecTBe TIpuMepa MCIIOJIB30BaHUS ariapara
MHTErpo-audpdepeHIupoBaHus IpoOHOro MopsaKa
IJ1s1 BRIYMCIIEHUSI MEXaHUTYECKUX CBOMCTB HEOIHOPOI-
HBIX MaTepUaIOB MOXKHO MIpUBECTU padoTy [24], B KO-
TOPOI TIPEICTAaBICHBI ITOAXOAbI K BEIUUCIECHHUIO MeXa-
HUYECKMX CBOWCTB BSI3KOYIPYTUX MaTepuajioB. Tak,
HampumMep, TaKK1e apaMeTphl, KaK HAaKOTUIEHHUE U T10-
Tepsi MOAATIAMBOCTH TSI IpOOHOI Mojies i MakcBellia
(3) npenyioxkeHOo BBIYUCIISTD 1Mo (hopMyIam
oL

)

J(@)=J,+Mo")" cos 5

J,(®)=mo*)" cos%.

Jist ApoO6HOro aHajiora CTaHAAPTHOMW JMHEUHOM
Mozenu TBepaoro teia (4) dopMyabl KOMIUIEKCHBIX
MOJIYJIEH UMEIOT CIEAYIOLIUIN BUL:

o o o o O 0L 200
G +(y +1/G)w cos7+1112m
G,(0)= — ,
1+2t0% cos— + (1% ) o™
2

.ol
Ty —1,G)w” sin—~

G,(0) = — .
1+2t7 c057+(11“)2(02“

161



ISSN 1995-0470. MEXAHUKA MAIIHH, MEXAHU3MOB U MATEPHAJIOB. 2012. Ne 3 (20)—4 (21)

ConpsizkeHHbIE 321291 OMOMEXaAHUKH U 00 u3n-
KH. AKTyaJbHbIM U aKTUBHO pPa3BUBAIOIIMMCS Ha-
MpaBJeHUEM COBPEMEHHOW MEXaHUKU SIBJISETCS
KJ1acc 3a7a4, KOTOPbI MOXHO OMpPeaeUTh KaK CO-
MpsIKEHHbIE 3a7a4u OMOPU3NKU U OMOMEXaHUKU,
BKJIIOYAIOUIUI 3a1a4X MOJEJIUPOBAaHUS MPOLIECCOB
MaccornepeHoca B OMOTKaHsIX, IPOYHOCTU OMOTKA-
Hell, MexaHU4YeCcKoil nedopMauuu U MPOYHOCTHU
OMOMHXEHEPHBIX POTEe30B U T. . Hanpumep, 310
MPOLIECChl pereHepaluu KJIeTOK, PpOCTa XHUBOU TKa-
HU, MepeMelleHUs] BKIUYEeHUN B ABYX(ha3HbIX
dbpakuusgx u T. 1.

OnucaHue caMonOA00OHBIX CTPYKTYP C TOMOILbIO
anmnapara ¢ppakTaJbHOI FeOMETPUU paCIIUPSIET BO3-
MOXHOCTb UCTIOJIb30BAHUS MaTeMaTUYeCKOTo arra-
paTta ApoOHOro MHTErpoAu(GGUpPEHLIUPOBAHUS TPU
MOJIEIMPOBAHUY MTPOLIECCOB «C MaMSThIO», «CKJIOH-
HBIX K pereHepaluumn», MPOUCXOSIIUX B CUIbHO HEO-
JTHOPOJHBIX, FeTepOreHHbIX cpefax. K Hactosemy
MOMEHTY (hpakTayibl JOCTATOYHO AKTUBHO MCIOJb3Y-
I0TCS MPU MOCTPOEHUU MAaTEMaTUYECKUX MOJeJei
ouomexaHuku u ouodusuku [25—28]. Tak, cneuuanb-
HYIO IPYTIITY COCTABJISIIOT FeOMETPUYECKUE (hpaKTabl,
HCTOJIb3Ys1 KOTOPbIE MOXXHO OMpPeaeIUTh CBOCTBA Ta-
KHX CaMOTMOJ0OHBIX CTPYKTYP, KaK, HallpUMep, Kpo-
BEHOCHBIE COCY/IbI MJIEKOITUTAIOLIMX U YEIOBeKa, OTH -
caTh TakKuUe MPOLECCHhl, KaK POCT TPaOEKYJSIpHOU
KOCTH, pereHepaums KJIeToK neyeHu u T. . [25]. du-
HamMuyeckue (hpakTaabl OTHOCATCS K OTAETbHOMY TUITY
1 BO3HUKAIOT MPU UCCIIeOBAHUY HEJTUHEWHBIX TUHA-
Muueckux ouocucrem [27].

B xauecTBe mpuMepa MOXHO MPUBECTU MOJEIb
repeMeleHns BHEITHEN BHEIPEHHOU MacChl B O10-
cpene, MOCTPOSHHON C MCIOJIb30BAHUEM JPOOHBIX
npousBoaHbix [epacumoBa-Kanyro u Pumana-Jlu-
yBus [29]:

e“Dre S+ W (x)S=-CS+H(x,1),0<o <1, (11)

rne W(x) — onepatop ®okkepa-Ilnanka u H(x, ) —
cjlaraeMoe, OMUCHIBAIONIEE U3MEHEHUE BHEOPEH-
HOW MaccCHI.

Monenb, OIMCHIBAIOIIAS IIPOIIECC POCTa OMOTKA-
HU TIPU TIMOME TP PACCMOTPEHUM OMOTKAaHM KakK
M30TPOITHOM MOPHUCTON CPEeabl ¢ MCIIOJIb30BaAHNEM
IpoOHO¥ Tpou3BoAHOM PuMaHa-JInyBULIS, BBITJISI-
ouT Tak [30]:

0D,‘*g=exp(L[3 %)g(t),0<a <l (12)

3necy monynb FOHTa E, mocTtossHHast bonbiimMaHa k
v abcostoTHas BeJqnuuHa T CBSI3aHBI MeXIy coOoii
cootHoteHueM L= E/(kT), A — yrpyroctb 6MOTKa-
HU. BenmunHa mapaMerpa 3 3aBUCUT OT OUOXUMMU--
YeCKUX PeaKIUil M3yJaeMoro Ipoliecca.

Monens (12) xapakTepusyeT MOBeJAeHUE N30T~
ponHO# GYHKIMU pocTa g(f) M MCIOoIb3yeTcsI, Ha-
puMep, IJIs U3ydeHUs U3MCHCHUS CBOMCTB M CO-
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CTOSTHUSI OMOTKAHM OT JOOPOKAauYeCTBEHHOM CTaauu
1o 3n1o0kayecTBeHHOM. Tak, B [30] onmucaHbl pe3yib-
TaThl UCCJIEAOBAHUS TJIMOMBI HU3KOM (PUCYHOK 2 @)
¥ BBICOKOU CTeNeHU (PUCYHOK 2 6) 3710Ka4eCTBEH-
HOCTH TIPU CIEAYIOINX (PU3NIECKUX IMapaMeTpax:
B=1,3-10%m k=1,30- 1023, T=298 K,
E, =30 klla, E,= 40kIIa.

Ha pucynke 3 (amantupoBaH u3 [30]) mokazaHo
MOBeJAeHNEe U30TPONMHON (YHKILUU pocTa g(f) mpu
BBICOKOM (Cephblil LIBET KPUBOI) U HU3KOM (YepHbIH
LIBET) CTETIEHSIX 3JIOKAUECTBEHHOCTHU C Pa3IMYHBIMU
3HAYEGHUSIMU TMapaMeTpa MacuTabupyemoctu. Pe-
3yJIbTaThl MOJYYEHbl Ha OCHOBE pelieHus nudde-
pPEeHLMaIbHOrO YpaBHEeHUS ApoOHOro nopsaka (12).

[eTeporenHast nuHaMu4ecKasi CTpyKTypa OMoJio-
TUYECKUX MEMOpaH CYIIECTBEHHO YCIOXHSET MaTe-
MaTUyecKoe MojaeaupoBaHue NU(G@Y3MOHHBIX MPO-
1eccoB B KJyieTke. Tak, Harpumep, BbICOKas BI3KOCTh
O6roc0s TJa3MaTUYeCKUX MeMOpaH CYIIeCTBEHHO
3aMeJISIET Mpoliece JaTepaabHO AU Py3un Kak 0e-
KOB, TaK U TUNIUAOB A0 cyoauddysuu [31]. [Tpouec-
Cbl C HAJIMYKMEM aHOMaJIbHOro pexkuMa (cyonuddy-
3us, cynepauddysus, npbixkkoBas 1uddysus) B
HAHOCTPYKTYpax ObUIM BBISIBJICHBI MPU MPOBEACHUN
onbITOB [32].

0

Pucynok 2 — Pe3ynsrarsl HeciienoBanus mmomsl (ananriposan u3 [30]):
a — TJIMoMa HU3KOM CTENeHH 37I0Ka4YeCTBEHHOCTH; 6 — TIIMOMa
BBICOKOW CTETIEHU 3/I0KAYECTBEHHOCTH



BbICIIHE YYEBHBIE 3ABEJEHHUA PECIIYBJIUKH BEJIAPYCh

JF 4
25/
] /’_____
2
15 .
% a5 1 ! T 1
a 0
4 s
3 3
2 2 {
[r
1 j 1 | S— |
] 5 1 . 05 1
6 e

Pucynok 3 — IloBenenue uzorponHoii pyHkuuu pocra g(7)
npu 3HaYeHusx (axanruposad u3 [30]):
a—o=0256—0=056—0a=0,75e—0a=0,9

ITpocTeiias Moaenb aHOMaJIbHOW AU dy3un B
OTHOMEPHOM cJIy4yae, MOCTPOEHHAs Ha OCHOBE Jp00-
Holl mpousBoaHoit [epacumoBa-KarmyTto, umeer ciie-
nyromuii Bua [31]:

*u

atB =§, O<B<].

13)

Bsi3koymipyrue cBoiicTBa apTepuii MOTYT OBITh OII-
pemesIeHBI ITyTeM MPOBEICHIS SKCTIepUMEHTATBHBIX HC-
cJIeIOBaHMIA pelakcauy HanpsokeHuii [28]. M3yueHme
CBOMCTB BSI3KOYIIPYTOCTH apTepHii CIIOCOOCTBYET OITpe-
JIEJICHUTO X OMOMEXaHNIEeCKOM CTPYKTYPHI 1 (DYHKIIH-
OHAJILHOTO COCTOSTHUSI.

B kagecTBe mprMepa MOXHO TIPUBECTH MOTU(H-
MpOoBaHHYI0 1poOHyI0 Monesb KenbBuna-®Dotirta (5),
HCITOIB3YEMYIO JIJIsI OITMCAHUS BSI3KOYIIPYTOTO COCTO-
gaHUS apTepuit [33]:

Er i
,De = H[nEz1 Do (t)+o (1) - Eg(h)],

— E2
E+E,

B pa6ore [33] n3m0KeHBI pe3yIbTaThl TECTUPOBA-
HUSI BRITUCAHHOM IPOOHOI MOIEIN BI3KOYIIPYTOCTH
CTaHIZapTHOTO JMHelHOoTo Tena (19) m mokasaHO,
YTO TaKas MOJIEJIb 00JIce afeKBaTHO OITMCHIBACT pe-
aJIbHBIC TIPOIIECCHI TT0 CPAaBHEHUIO C «IICJIOUMCIICH-
HOW» MOJIENbIO.

B paGortax [9, 34—36] noka3aHo mMpUMeHEeHUE
IPOOHBIX MOIeIeit BA3KOYIIPYTOCTH IJIsI peIleHUS
3ama4 KJICTOUHON OMOMEXaHUKM U TKaHEeBOW MH-
KCHEPUN.

MaremaTuyeckue Mojaenu AeOopMUPOBAHUS Ma-
TepUAaJIoB C y4eTOM BHYTPeHHel cTpykTypbl. Kak yxe
YKa3bIBaJ0Ch B MIPEABIYIIMX pa3aenax, CTpyKTypa,/
MUKPOCTPYKTYpPA Cpeibl CYLIECTBEHHBIM 00pa3om
BJIMSIET Ha XapakTep ee 1e(OpMUPOBAHUS U HATIPS -
JKEHHOE COCTOSIHUE (KOMIO3UIIMOHHBIE MaTepUaIbl,
TOPHbBIE MOPOIbI, MEJTKO3EPHUCThIE MaTepUaibl, Ha-
HOCTPYKTYPBI U T. II.).

Tak, HanmpuMep, HOBBIE CTPYKTYPbI B MTOPOAHBIX
MaccuBax MOTYT OPMUPOBATHCS U MPOSBIASATHCS
MpU HACTYIUIEHUM MPEenebHOro cocTossHUs. [e-
dopMuUpOBaHUE TaKOUl cpeabl B AajbHEHIIeM BO
MHOTOM OIpeaesieTcss 00pa3oBaBIIeiiCs BHYTPEH-
Hell cTpykTypoil. OueBUAHO, YTO B 9TOM HOBOM CO-
CTOSIHUU CBSI3b MEXY HAMPSIKEHUSIMU U fedopma-
LUSIMHU OTJIMYHA OT OOILIENPUHATON B MEeXaHUKE
nedopMUPYEMOTO TBEPIOTO TeJla «KIACCUUECKOM».
CrnenoBaTelbHO, HEOOXOAMMBI HOBbIE (POPMBI Ma-
TEeMaTUYECKOM 3aMMCU COOTHOLIEHUI MEeXaAy KOM-
noHeHTamu HJIC Tena.

3agaya MocTpoOeHUs MaTEeMaTUYECKOM 3aBUCUMO-
ctu Mexay komrnoneHtamu HJIC ¢ yyeTom BHYTpeH-
Hell CTPYKTYpbl MPEACTABISIETCS BECbMa aKTyaJlbHOU
JUISI HAHOMAaTeprasoB.

CrenyeT ynoMsiHyTh U TAKOE€ HOBOE HATlpaBJIeHUE
B MEXaHUKE MaTepuasoB, KaK CO3JaHUe MPUHLUMHU-
aJIbHO HOBBIX MaTE€pUasioB, CITIOCOOHBIX MPOSIBISATH
MporpaMMuUpyeMble, HeIMHEHbIE Ne(hOpMallMOHHbIE
CBOICTBA, BILJIOTh JO MOJYYEHUS aJallTUBHOMN (TIpu-
CIOCOOUTETHHOI ) peaKIIMy Ha BHEIITHEE BO3IEIICTBUE.

Kak rokasaHo B npenpiayiineM pasjese, mepcreK-
TUBHBIM ITPU ITOCTPOCHNH MEXaHUKO-MaTeMaTHISCKIX
Moeeit moBeaeHUs 1eOpPMUPYEMBIX TBEPABIX YIIPY-
TUX CPEJl C YIeTOM UX BHYTPEHHE! CTPYKTYPHI SIBJISIET-
csl UCTIOJIb30BaHME arapaTa uHTerpo-nuddepeHim-
poBaHUS ApoOHOTO Mmopsaka. [loMuMoO mJaHHOTO
HarmpasieHus1 3(PHEKTUBHBIM TIPEICTABISIETCSI BMEC-
TO «KJTACCUYECKUX» TOCTPOCHUE «CIEIIUATBHBIX» YPaB-
HeHUi, cBs3biBatomx KomrnoHeHTs HIC cpenpl. Ta-
KWe ypaBHEHUsI MOTYT OBITH IIOCTPOCHBI, HAIPUMeED,
TIpEICTaBICHUEM CPEJIbl B BUE 2JIEMEHTAPHBIX KOHEU -
HBIX 3JIEMEHTOB, TIOBEIEHNE KOTOPBIX U CBSI3U MEXKITY
KOTOPBIMH OTIHMCHIBAIOTCS B CBOIO OUEPEIbh HA OCHOBE
YCTaHOBJICHHBIX/TIPUHSITHIX 3aKOHOB ITOBEACHHUS (CM.,
Hamnpumep, [37—39]).

Ha pucynke 4 B kauecTBe TpuMepa MpeiCTaBICHbI
Pe3yJIBTaThl CPABHUTETHHOTO pacueTa 1ehopMUpOBaH-
HBIX (hopM OaIKM U3 ayKCETUIHOTO IMeHOMaTepraa C
OTpULIATeNIbHBIM 3HaYeHueM Koaddummenta [Tyacco-
Ha 1 0aJKu U3 U30TPOITHOTO YIPYTroro Marepuaia C
OMM3KUMU CBOMICTBAMM.
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Zhuravkov M.A., Pleskachevsky Yu.M., Romanova N.S.
Some developments for mathematical theory of modern mechanics

Classical development and the formation of some new modern branches in mechanics require continuous improvement
and modification of mathematical models and methods to solve the model problems. In this article we consider some
developments in mechanics and mathematical models for the description of the mechanical state and different material
behaviour and perspectives of fractional calculus for the use in mechanics, and describe the conjugate biophysical and
biomechanical problems, the mathematical models of material deformation taking into account their complex
heterogeneous structure.
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