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ELASTIC BENDING OF A THREE-LAYER CIRCULAR PLATE

WITH STEP-VARIABLE THICKNESS

The bending of a three-layer elastic circular plate with step-variable thickness is considered. To describe
kinematics of asymmetrical in thickness core pack, the broken line hypotheses are accepted. In thin
bearing layers, Kirchhoff’s hypotheses are valid. In a relatively thick filler incompressible in thickness,
Timoshenko’s hypothesis on the straightness and incompressibility of the deformed normal is fulfilled.
The formulation of the corresponding boundary value problem is presented. Equilibrium equations are
obtained by the variational Lagrange method. The solution of the boundary value problem is reduced to
finding three required functions in each section, deflection, shear and radial displacement of the median
plane of the filler. An inhomogeneous system of ordinary linear differential equations is obtained for these
functions. The boundary conditions correspond to rigid pinching of the plate contour. A parametric analysis
of the obtained solution is carried out.
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Introduction. The widespread use of thin-
walled structural elements in construction and me-
chanical engineering necessitated the development
of methods for their calculation. Static loading of
single-layer circular plates was considered by both
domestic [1, 2] and foreign scientists [3]. Recently,
many papers have been published on vibrations of
homogeneous plates with variable thickness [4—-6].
Deformation and vibrations of three-layer plates
with constant thickness under static and dynamic
loading, including on an elastic base, were studied
in [7-11]. The behavior of a three-layer rod with
an irregular boundary was studied in [12]. Here an
axisymmetric transverse bending of a three-layer
elastic circular plate with a step-variable thickness
was considered.

Problem statement. The plate consists of three
layers of different thickness. In the outer bearing
layers, the Kirchhoff’s hypothesis is accepted, and
in the inner layer (filler), the Timoshenko’s hypothesis
is accepted. The thickness of the bearing layers can

change stepwise along the radius of the plate (Figu-
re 1). The filler is considered to be light, i.e. its oper-
ation is neglected in the tangential direction. In gen-
eral, the broken line hypothesis holds for the core
pack. On the plate contour, it is assumed that there is
a rigid diaphragm that prevents the relative shift of
the layers. At the layer boundaries, the movements
are continuous.

The problem is formulated in a cylindrical coordi-
nate system I, ¢, z associated with the median plane of
the filler. The external surface of the first bearing layer is
affected by axisymmetric distributed loads ¢,(r), ¢,(r).
The desired values are taken as the deflection of
the plate w/(r), the relative shift in the filler y(r), and
the radial displacement of the coordinate plane u(r)
on each section /, which do not depend on the circum-
ferential coordinate .

Based on the accepted hypotheses, for each of the
two sections, the radial displacements in the layers u%
are expressed in terms of the desired functions (/ =1,
2 — the section number):
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Figure 1 — Plate design scheme: /,,— thickness of the k-th layer, 4, = 2¢ (k= 1, 2, 3 — number of layer), m; r, — plate radius, m;
r, — radius of the first section, m

—zw,,. (cSz<c+h,);
—zw,,, (-c<z<c);

W, (_C - hzz =z< _C):
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where z is the distance from the point under consideration
to the median plane of the filler, the comma in
the subscript indicates the operation of differentiation by
the coordinate following it.

The plate equilibrium equations are derived from
the Lagrange variational principle:

84— W =0, )

where 04 = 04, + 84, is variation of the total work
of external loads ¢,(r), ¢,(r) and contour forces T,
HY, MY, QO:

o 2m

I f q,9w,rdrd g + f f q,9w,rdrd ¢;

d4, = f (T°8u+ H 8y + M dw,, + Q°dw)d o,
0
OW — variation of internal elastic forces:

= iﬂ[ > [ (0“8 + G(")’Se("’l)dzde 3)
1=Ls; \ k=lhy
where o' — radial stress in the k-th layer on the sec-
tion /; 8¢ — variation of radial deformation in the k-th
layer on the section /; 6% — circumferential stress in the
k-th layer on the section /; e — variation of circum-
ferential deformation in the k-th layer on the section /.
Here, the integral is distributed over the entire
median surface of the filler in each section S, S,.
Substituting expressions (3) into relations (2),
taking into account the Cauchy relations and dis-
placements (1), and performing the corresponding
transformations, we obtain system of equilibrium
equations in forces describing elastic deformation
of a three-layer circular plate with a light filler of
step-variable thickness

! N _ N
r’r (T Tq))_oa
Hi,,+—(Hf—HZp)=o; @
Mr]’rr+ (2Mr7; M(i)’r)z_ql’
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and boundary conditions (r = r):
T} =T’ H2 H’, M?=M?;

2 2 2 0 (5)
M +—(Mr—M(p)=Q.
r

ror

Here, the generalized forces and moments in
the layers are introduced as integrals over the thick-
ness of each layer (a =T, Q):

T = 2 T =

k=1

3
I _ 0N _
M, =,§1Mu =

S | 6z
k= lhk/
3 i)l
> [ oW zdz;
(©)
I 3)! [ @2)\.
H, =M +c(T" -T);

1
o' =M!, +;(Mf —M(’p).

After expressing the internal forces (6) in terms
of the desired displacements (1) and substituting them
in (4), we obtain a system of differential equations in
displacements for each section:

L,(ayu, +a,y, —ayw,, )=0;
Ly(ayu, +a,y, —asw,, )=0; @)
Li(ayu, +as v, —agw,,,.)=—q,,

where L,, L, are second and third order differential
operators, respectively [13]:
1 2g”rr g’r
Li(&) =~ (rL,(9))., = g, + 0 = T4 5

r r

! g,
LZ(g)E(;(rg)ur),rE &5, +7_%

r

The coefficients ail for each section / coincide
in appearance with the equilibrium equations for
a smooth three-layer circular plate:

3
a, = ,;::1 hy K ay = c(hy, KT = hyK);

1 . 1
asy = hl,(c+§hl,j1{1 —hz,(c+§h21)K

2
a, = cz(hul{l+ +h, K; +§cK3+j;

1 1 2
aSI:c{hll(m—gh”JK,*+h21(c+Eh21JK2++§CZK;}
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1
ag = h”(c2 +ch, +§h121)K1+ +

1 2
+h21(c2 +ch,, -thzzljl(z+ +§c3K3+;

4
K; EKk +§Gkv

where K,, G, — volume and shear moduli of elasticity
of layer materials, Pa.

Solution of boundary value problem. To deter-
mine the displacements at each point of the plate, it is
necessary to solve equations (7) in sections 1 and 2.
Then the desired displacements will be:

u(ry=u,(r)+ (u, (r) —u, () H, (r = 1,);
y(r)= ‘Ul(r)-'-(WZ(r)_lljl(r))HO(r—rl); (8)
w(r) = w, (1) +(w, (1) = w, () H,y (r = 1),
where H,(r) is Heaviside step function [14].
We transform the system (7):
u,=bw, +C,r+C,/r;

W, = bzlwl’r;-CSIr-i- C141 Ir; )

Wl’rrrr +_W[’rrr __zwl’rr +_3W19r = ql’
r r r

where C,,, C,, C,, C,, are integration constants; ¢ = ¢,D;:

2
a,(a,a, —ay)

= 2 2 2>
(ayaq —ay)a,a, —ay) —(a,a5 — a,as)

D,

a.,a,, —a,a
_ 93y — @y
bll - 2 0 bzl
aydy —dy

— a,ds; — dydy,

a,ay — azzz
The solution of the system (9) becomes [15]:
1
u=byw,,, +Cr+C, —;
B
1
v, =b,w,, +Cyr+C,, ;;

w, =Cy + Cor” + C In(r) + Cyr’ In(r) + w;;

. 1 1,
w, =j;frj;fq,rdrdrdrdr; (10)

1 *
wy,, =2Cr+ Cw; +C,,2rin(ry+r)+w,,,;

w;,r=%frf%j(},rdrdrdrdr.

The problem of finding the functions u(r), y(r),
w(r) (8) is closed by adding boundary conditions
to (10). When the contour of the plate is rigidly re-
strained (r =r):

U, =y, =w, =w,, =0.

(11)

In addition, the conditions of finiteness of dis-
placements at the origin of coordinates with r =0 and
the conditions at the boundary of thickness changes
with r = r, must be satisfied:

- kinematic conditions:

w () =w,(n); wy,, (1) =w,,, (1);

u (rn)=u,(n); w,(n)=v,r);

- natural boundary conditions:
I'=T) ;M =M} H =H;0,=0]. (12)

Let us find the integration constants for each
section.

Due to the limited nature of the proposed solution
(u;, wy, vy, QD), at the origin (r = 0) of coordinates we
must put:

G, =0; G, =0;

B

1
C, =-b,[r[-[grdrdrdr
r - (13)

1
C, ==b,[r[-[grdrdrdr
r r=0
The conditions for rigid restraint of the contour (11)
become:

1
U, = (bIZWZ 5, TCLr + Gy ;)

C
=0; C,r, +—2=0,
7

r=ny 0

C C
v, =b,w,, +Cy,r+ —:1 =0; C,r, + _r42 =0;

r=n 0
w,=(Cyy +Cgr? +Cpy In(r) + CoprIn(r)+w; )\ =0
) ) G (4
C,,+Cyry +CoIn(ry) + Co,ry In(ry)+w, = 0;
1 *
wz,r=(2C62r+ C72;+C82(2r1n(r)+r)+w2,,_] =0;
1 *
2C,1, + Cpy—+ Coor, CIn(ry)) + 1) + w,,, =0.
T

At the boundary of the thickness change (r = r,),
we require the fulfillment of kinematic and natural
boundary conditions (12):

w (1) =w,(1r);
Cy, +Cyr + Co In(r) + Cyr In(ry) + wy

r=n

=C,, +C,r’ +Co,In(r) + Coori’ In(r)) +wy|
52 6271 72 1 8271

r=n

Wl’r (rl) = WZ’V (rl)’

1 *
2Cn + C,—+ G 2rIn(r) + ) +wy,,
,

1

r=n

1 *
=2C,n+C,,—+Co, CriIn(n) + 1) +w,,,
n

H
r=n

ul(rl)z uz(rl);
1
‘|+(C11 - Clz)rl +(C21_C22)7:0;

r=r
1

(bllwl’r_bIZWZ’r)

(1) =w,(1);
1
(G = Ca)nt (CamC) =0

1

(b21W1 7r_b22w2’r)

The generalized forces (7) at the boundary of
change in thickness of the plate are expressed in terms
of the desired displacements and substituted into the
conditions (12). Taking into account expressions (10),
we obtain four more algebraic equations for deter-
mining unknown integration constants. Due to their
awkwardness, they are omitted.

27



ISSN 1995-0470. MEXAHUKA MAIIMH, MEXAHHU3MOB U MATEPHAJIOB. 2021. Ne 1(54)

020
¥

s

LHH]

LTI

-0 2
b

Figure 2 — Change in movement depending on the radius of the
first section: a — relative shift y(r); b — deflection w along the axis r,
depending on the relative radius of the boundary sections (1 —r, = 0;
2—r=0253—r=054—r=0755—r=1)

Combining expressions (13)—(15), we obtain
a system of linear algebraic sixteenth order equations,
from which we determine the integration constants
CiCpy oy Cop

Thus, the solution (10) and the integration con-
stants (13)—(15) describe elastic displacements in
a three-layer circular plate with step-variable thick-
ness with a rigid pinching of the contour.

To verify the obtained analytical solution, a nu-
merical study was performed.

Figure 2 shows graphs of change in movement de-
pending on the radius of the first section. The plate con-
tour is rigidly pinched. The calculation was performed for
the D16T-fluoroplast-D16T core pack with layer thick-
ness C=0.15, h,, = h,, = 0.04, h,, = hy,= 0.02. The inten-
sity of the evenly distributed load ¢ =—100 kPa. Curves 1
and 5 correspond to a smooth plate that is symmetrical in
thickness. These curves coincide with the curves calcula-
ted using the formulas from [16] for a plate with constant
thickness in the absence of an elastic base (the elastic base
stiffness coefficient is assumed to be 1, = 0).

With double thickening of the bearing layers,
the displacements decreased by about 9 times (curves 1
and 5), while the total relative thickness of the plate
changed slightly from 0.34 to 0.38. The dependence of
displacements on the value of the radius I, is nonlinear.
A change in the step radius affects the deflection most
strongly in the area of the center of the plate (curves 2
and 3). Its change in the area of a tightly pinched contour
slightly affects the displacements (curves 4 and 5).
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Conclusion. The solution (10), (13)—(15) given in
the paper can be used to study any case of bending by
an axisymmetric load of a three-layer circular plate
with a light filler of step-variable thickness. Nume-
rical analysis of the obtained solution revealed a pat-
tern of changes in displacements from the radius of
the boundary of thickness changes, which will make
it possible to design plates of optimal sizes.

The work was financially supported by Belarusian
Republican Foundation for Fundamental Research.
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YMNPYIrM U3rmns KPYroBov TPEXCJIOMHOW NNIACTUHDI
CTYNEHYATO-NEPEMEHHOM TOJILLUHbI

Paccmompen uzeud ynpyeoii kpyeo8oti mpexciouHol niacmuHbl CHyneHyamo-nepemerHou moaunsl. Jnsa
ONUCANUA KUHEMATMUKU HECUMMEMPUUHO20 NO MOTUWUHE NAKEMd UCNONb3YIOMCA SUNOMe3bl TOMAHOU Ju-
Huu. B monxux necywux ciosax cnpaseonugvl eunomesvi Kupxeogha. B necorcumaemom no monyune omHo-
CUMENbHO MOACHOM 3anoanumene 8blnonusaemcs sunomesa TUMOUIEHKO O NPAMONUHEUHOCIU U HeCHCU-
Maemocmu 0eghopmuposannoli Hopmanu. Ilpusedena nocmanogka coomgeemcemayioujell Kpaegou 3a0aju.
Ypasuenus pasnosecus nonyuensvi sapuayuonnvim memooom Jlaepamoica. Pewenue kpaegoii 3a0auu cee-
0€HO K HAXONCOCHUN) MPeX UCKOMBIX QVHKYUL HA KAACOOM YYacmKe — npozuba, cosued u paoudaibHo20
nepemeujenus CpeOuHHo NAOCKOCIU 3anoaHumens. /[na smux QyHKyul noryyeHa HeoOHopoonas cucmema
00bIKHOBEHHBIX JTUHEHbIX OUphepenyuanvHuix ypasrenuil. 1 panuunsie yCio8us coomeemcmayiom jicecm-
KOMY 3aujemMieHuio KoHmypa niacmunsl. llposeden napamempuyeckuil auaau3 noayueHHo2o peueHusl.

Kniroueswie cnosa: mPGXCﬂOﬂHaﬂ KpyeoeasniacmuHa, cmynendamas moiiuHna, uzeud niacmun, ynpyzocmso,

ocecumMmempudHoe Hacpydtcenue

DOI: https://doi.org/10.46864/1995-0470-2020-1-54-25-29

Criucok JIuTepaTypbl

L.

2.

Kosanenko, A.Jl. Kpyribie miacTuabl nepemenHoi tommuasl /9. Jleonenko, J[.B. CBoGo/HBIE KONIEOAHUSI KPYTOBBIX TPEXCIOi-
A.Jl. KoBanenko. — M.: ®usmarrus. — 1959. — 294 c. HBIX IUIACTHH Ha ynpyrom ocHoBanun / JI.B. Jleomenxo //
Jonrononos, B.M. M3ru6 xpymioii opToTpornHoi MmiIacTHHKN DKOJOTUYECKUI BECTHUK HAyYHBIX LEHTPOB YepHOMOpPCKOTO
nepemeHHo TonmuHel / B.M. [lonronosnos // Hekoropsie 3a1a- 9KOHOMHYecKoro corpynnuuectsa. — 2008. — T. 5, Ne 3. —
YM NPHUKIATHON TeOopuH ynpyroctu: co. Hayd. Tp. — Caparos: C. 42-47.

W3n-Bo Capar. nonurexuuy. uu-ta, 1971. — C. 44-50. 10. Crapogoiito, D.U. Pe3oHaHcHbIe KoieOaHUsT KPYTOBBIX KOM-
Vivio, F. Closed form solutions of axisymmetric bending of MO3UTHBIX IUTACTHH Ha ynpyrom ocHoBauuu / D.M1. CrapoBoii-
circular plates having non-linear variable thickness / F. Vivio, ToB, /I.B. Jleonenko, /[.B. TapnaxkoBckuii / MexaHnka KoMIT0-
V. Vullo // Int. J. Mech. Sci. — 2010. — Vol. 52, iss. 9. — 3uTHBIX MatepuanoB. — 2015. — T. 51, Ne 5. — C. 793-806.
Pp. 1234-1252. 11. Craposoiitos, O.1. Kone6auust KpyroBbIX KOMIO3UTHBIX ILIa-
Kang, J.H. Three-dimensional vibration analysis of thick, cir- CTHH Ha YIIPyTrOM OCHOBaHHH TIOJI JICHCTBHEM JIOKAJIbHBIX Ha-
cular and annular plates with nonlinear thickness variation / rpy3ok / 9.11. Craposoiitos, /[.B. Jleonenko / Mexanuka kom-
J.H. Kang // Comput. Struct. — 2003. — Vol. 81, iss. 16. — Mo3uTHBIX MarepuanoB. — 2016. — T. 52, Ne 5. — C. 943-954.
Pp. 1663-1675. 12. TlneckaueBckuii, FO.M. M3ru6 TpexcioitHOro CTEpKHsS C He-
Liang, B. Natural frequencies of circular annular plates with perymsiproii rpanuneit / F0.M. I[lneckaueBckuii, E.D. Crapo-
variable thickness by a new method / B. Liang, S.-F. Zhang, BoiiTOBa // MexaHnKa MalIiH, MEXaHU3MOB M MaTepHasioB. —
D.-Y. Chen // Int. J. Press. Vessels Pip. — 2007. — Vol. 84, 2008. — Ne 3(4). — C. 52-55.

iss. 5. — Pp. 293-297. 13. CraposoiitoB, 2.1. BsizkoynpyromiacTuieckye CIOUCThIE IIa-
Javanshir, J. Free flexural vibration response of integrally-stiffened ctuHbl U o6onoukn / .M. CraposoiitoB. — ['omens: benl YT,
and/or stepped-thickness composite plates or panels / J. Javanshir, 2002. — 343 c.

T. Farsadi, U. Yuceoglu // International Journal of Acoustics and 14. Kopm, I. CipaBOYHHK 110 MaTeMaTHKE [Tl HH)KEHEPHBIX paboT-
Vibration. — 2014. — Vol. 19, no. 2. — Pp. 114-126. nukos / I. Kopn, T. Kopn. — M.: Hayka, 1973. — 832 c.
CrapoBoiitoB, D.1. Tepmoymnpyroe nehopmMupoBaHHE Tpex- 15. Kawmke, D. CrpaBouHHK 10 OOBIKHOBEHHBIM JU((epeHIHa b-
CIIOMHONM KpyIJIOH IJIACTHHBI ITOBEPXHOCTHBIMH Harpy3ka- HbIM ypaBHeHusiM / . Kamke. — M.: Hayka. — 1976. — 576 c.
mu pazmmuHbix Gopm / D.U. Craposoiitos, [I.B. Jleonenko // 16. Spomas, A.B. KpyroBas TpexcioiiHas IUIaCTHHA HA YIIPYTOM

MexaHuka MalldH, MEXaHHU3MOB U MarepuanaoB. — 2018. —
Ne 1(42). — C. 81-88.

Jeon, J.S. Bending of tapered anisotropic sandwich plates
with arbitrary edge conditions / J.S. Jeon, C.S. Hong // AIAA
Journal. — 1992. — Vol. 30, no. 7. — Pp. 1762-1769.

ocuoBanun. Yacte 1. Jlerkuit 3anomuutens / A.B. Sposas //
Marepuansl, TEXHOJIOTHH, HHCTpYMeHTs. — 2005. — T. 10,
Ne 3. —C.5-9.

29



